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The main result of this paper is a theorem concerning possible cubic maps 
on the plane or sphere. The dual approach of spherical triangulations will be 
used. Every such triangulation must contain a vertex of degree less than 8 and 
other than 5, or else contain one of a list of 5 configurations. Due to the oc- 
currence of these five configurations in four color reduction arguments, this 
implies that a minimal five color map must have at least one face with six or 
seven neighbors. The theorem is given in Heesch [l, p. 129 ff.], but the proof 
here is much shorter, due to a modification of Heesch’s principle of “discharg- 
ing.” The principle itself is obtained by exploiting the Euler formula, and 
should be compared with the theory of Euler contributions as developed by 
Ore in [3], and by Ore and Stemple [4]. 
1. THE PRINCIPLE OF DISCHARGING 
The basis of Heesch’s approach [l] is to exhibit a finite set L of configu- 
rations and to prove that every triangulation of the 2-sphere contains at 
least one member of L. Without loss of generality we restrict our attention 
to triangulations not containing any vertices of degrees ~5. For partial 
results we may restrict ourselves to triangulations with certain additional 
properties (such as not containing vertices of degrees 6 or ‘7, etc.). 
For a proof as projected in the above paragraph we assume that T is 
a triangulation of the 2-sphere which does not contain any member of L, 
and from that we derive a contradiction to Euler’s formula. (The fact 
that the members of L are four color reducible does not enter this argu- 
ment at all.) 
We denote by vi (i = 5, 6,..., m) the number of vertices of degree i 
in T where m is the highest degree that occurs in T; the total number of 
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vertices in T is then v = v5 + vg + ..* + 0,. Then, following eesch 
[I, pp. 16, 171, we write Euler’s formula in the form 
Pi vg - VT - 24 - 3v, - -** - (n2 - 6) v,, = 12. 
Now we interpret the coefficient 6 - i of vi as the clzarge q(VJ carried 
by each vertex Vi of degree i. Then the only vertices with positive charges 
are those of degree 5, q( V,) = + 1; the vertices of degree 6 have charge 0. 
The principle of discharging means now to move the charges q(VJ in 
such a way that (keeping the sum of all charges fixed) no positive charges 
occur any longer. This then contradicts Euler’s formula, and thus proves 
the non-existence of T as desired. 
Heesch has exhibited three different realizations of this principle: 
(1) Tn the case Do = ~7, = 0 [l, Kapitel II, Section 1 
charges q(VJ are distributed in equal fractions to the 
degree >6) neighbors of the 5-vertices Vs . Then in some situations 
vertices ‘VL with i > 6 become positive charged (receiving more positive 
charge from their degree 5 neighbors than their negative charge i - 6 
was originally). Then as a second step the positive charges of these vertices 
Vi are distributed to their negative neighbors, and it can be proved that 
then no positive charges occur any longer, provided that T does not 
contain any member of a list L of 20 reducible configurations. (This 
method can be applied to the general case also.) 
(2) In the case v = vj + v7 [2; see also 1, Kapitel IX, Section 31 the 
charges q(V,) are distributed to certain ““building blocks” (con 
V, configurations entirely surrounded by VT’s). Then some of the 
blocks are positive, but distributing the charges to the nei 
negative blocks yields the desired discharging. 
(3) A general theory is given in [I, Kapitel III, NJ which deals with 
the distribution of the charges q(VJ over the k-th neighborhoo 
in T, where the resulting charges are interpreted as “curvatures” at the V-l’s. 
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In the following section we shall again consider the case vs = ZJ, = 0, 
but distribute the negative charges q(VJ (i > 5) to the positive neighbors 
of Vi with suitably defined weight factors. This immediately yields a 
discharging, provided that T does not contain any one of 5 reducible 
configurations (3 of which are the special cases of Birkhoff’s theorem 
for i = 9, 10, 1 I, and the 2 other ones are (b) and (d) of Figure 1, proved 
to be reducible by Birkhoff and Chojnacki (see [3]). 
2. THE CASE z16 = v, = 0 
THEOREM. Every triangulation of the 2-sphere which does not contain 
any vertices of degrees <5 and does not contain any vertices of degrees 6 
or 7 contains at least one of the following 5 reducible con$gurations: (b), (d) 
of Fig. 1, Vi with i - 1 consecutive neighbors of degree 5 for i = 9, 10, Il. 
Proof. Assume T is a triangulation of the 2-sphere not containing any 
vertices of degrees <5 or of degrees 6 or 7, and not containing any one 
of the 5 reducible configurations described in the theorem. Then we derive 
a contradiction to Euler’s formula (*) by discharging T as follows: 
2.1. We distribute the (negative) charge 6 - j of each vertex Vj of T 
withj 3 8 to its V, neighbors (if there are any) as follows: The j neighbors 
of Vj form a circle Kj around Vj . If a V, in Kj has precisely one V, neighbor 
in Kj then it receives the weight factor w  = 1 (with respect to VJ; each 
of the other Vs’s in Kj (with 0 or 2 V, neighbors in Kj) is given the weight 
factor w  = 2 (compare Fig. 2). Let p1 and pz be the numbers of V5’s in 
p,= 4 P,‘4 PIi 2 P,- 4 P,’ 2 PI= 4 
pi= 2 Pz= 2 lj*= 3 P2- 1 Pz- 3 P*’ 1 
PI + p* = 8 PI + P2 15 
Coding: c -for Vk wilb k > 8 
FIG. 2. All possible types of 1st V, neighborhoods with more than 4 V, in T. 
The numbers at the V,‘s are the weight factors w with respect to the central V, . (The 
second figure from the left is actually known to be reducible, but we do not need this 
fact in the present discussion.) 
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& with w  = 1 and 2, respectively. Then (if A~1 + p2 # 0) each Vs in R’, 
with weight factor w  receives the charge 
from Vj . 
w 6-.j 
Pl f 2P2 
This distribution of charges yields a new charge <(Vi) for each vertex V, 
of T. If i > 5 (i.e., i > 8) then QV,) < 0 (if V, has any V, neighbors 
then {(Vi) = 0; otherwise ((Vi) = 6 - i < 0). 
We claim that for each V, of T we have also &V,> < 0, i.e., discharging, 
For a proof of this claim we need the following two lemmas: 
2.2. LEMMA. Every V, of T (compare Fig. 3) possesses at least 
2 kzeighbors Vj , V, with j, k > 5. I f  Vs possesses precisely 2 such meighbors 
Vj and V, (and 3 neighbors of degree 5) then V, and VIC are not ~e~~~ba~~ 
of each other (in the 1st neighborhood of Vs). 
case (31 case (I91 care (7) 
FIG. 3. All possible types of 1st V5 neighborhoods in K 
Proof. Otherwise T would contain configuration (b) of Fig. 1. 
2.3. LEMMA. If Vj is a vertex of T with j > 5 and if V, is a neighbor 
of Vj with weight factor w  with respect to V, j then the (negative) charge $1 
which has been transferredfrom Vj to Vj has a magnitude / u j > w/4. 
PPOOJ: Case (A): j = 8 (see Fig. 2). Since T does not contain (d) of 
Fig. 1, the vertex V, has at most 6 neighbors of degree 5 (pl + pa < 6). 
Moreover, if p1 + pz = 6 then pz = 2; if p1 + pz = 5 then pz < 3; irr 
every case p2 < 4. Consequently 
as asserted. 
Case (B): j = 9, 10, or 11. We have p1 + p, < j - 2 and cQ~se~~~e~~~~ 
pz < j - 4. Therefore 
Iul= j--6 > 
j-6 
w---,w*j-g 2:. 
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Case (C): j > 11. Because of p1 + p2 ,( j we have 
2.4. Proof that <(V,> < 0. By 2.2 there are precisely three possible 
cases (see Fig. 3): 
Case (a): V, has precisely 2 neighbors of degrees >5 and has weight 
factor 2 with respect to each of them. 
Case (j?): V, has precisely 3 neighbors of degrees >5 and has weight 
factor 2 with respect to (precisely) one of them. 
Case (y): V, has at least 4 neighbors of degrees >5. 
In each case the total charge transferred to V, has (by 2.3) a magnitude 
of at least 1. This finishes the proof. 
COROLLARY. A minimalfive color triangulation of the 2-sphere contains 
a vertex of degree 6 or 7. 
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